Abstract. The set S of distinct scores (outdegrees) of the vertices of a k-partite tournament T(X1, X2, · · · , X k ) is called its score set. In this paper, we prove that every set of n non-negative integers, except {0} and {0, 1}, is a score set of some 3-partite tournament. We also prove that every set of n non-negative integers is a score set of some k-partite tournament for every n ≥ k ≥ 2.
Introduction Definition 1.
A tournament is a complete oriented graph. The score of a vertex v i , denoted by s vi or simply by s i , is the outdegree of vertex v i . The sequence [s 1 , s 2 , · · · , s n ], with 0 ≤ s 1 ≤ s 2 ≤ · · · ≤ s n ≤ n − 1, is called the score sequence of a tournament.
The following result of Landau [3] gives a necessary and sufficient conditions for a sequence of integers to be the score sequence of some tournament. Theorem 1. A sequence of non-negative integers [s 1 , s 2 , · · · , s n ] in non-decreasing order is a score sequence of some tournament if and only if
with equality when p = n.
Definition 2. The set S of distinct scores of the vertices of a tournament T is called its score set.
In [7] , Reid conjectured that each set S of non-negative integers is the score set of some tournament and proved it for the cases |S| = 1, 2, 3, or if S is an arithmetic or geometric progression. Later, Hager [2] verified this conjecture for the cases |S| = 4, 5. In 1986, Yao gave a proof of Reid's conjecture by pure arithmetical analysis which appeared in Chinese [10] and in English [11] .
Pirzada and Naikoo [6] obtained the following result and the proof is by construction.
Theorem 2. Let s 1 , s 2 , · · · , s n be n non-negative integers with s 1 < s 2 < · · · < s n .
Then, there exists a tournament with score set S = s 1 ,
Definition 3. A k-partite tournament is a complete oriented k-partite graph. Thus, the vertex set of a k-partite tournament T(X 1 , X 2 , · · · , X k ) is partitioned into k disjoint nonempty sets X 1 , X 2 , · · · , X k , known as the parts, such that two vertices are joined by an arc if and only if they lie in different parts. For k = 2, 3 we get respectively bipartite and 3-partite tournaments. Further, score of a vertex v i in a k-partite tournament is the outdegree of v i , and is denoted by s vi or s i . Let T(X 1 , X 2 , · · · , X k ) be a k-partite tournament with X i = {v
The set S of distinct scores of the vertices of a k-partite tournament T(X 1 , X 2 , · · · , X k ) is called its score set.
The following result is the bipartite version of Theorem 1 given by Beineke and Moon [1] . with equality when p = n 1 and q = n 2 .
The next result is the multipartite version of Theorem 1 obtained by Moon [4] and is discussed in his monograph [5] .
form the score sequences of some k-partite tournament of order n = n 1 + n 2 + · · · + n k if and only if
for all sets of k integers m i satisfying 0 ≤ m i ≤ n i , with equality holding when At the Fourth International Conference on Theory and Applications of Graphs in Kalamazoo 1981, K. B. Reid raised the problem of determining the score sets of bipartite tournaments. Wayland [9] found a necessary and sufficient condition for the existence of a bipartite tournament with bipartition (X 1 , X 2 ) and the score sets S * 1 and S *
The following constructive necessary and sufficient condition is given by Vojislav [8] . 
The following result is due to Wayland [9] , and the proof can be found in Vojislav [8] .
Theorem 6. Any finite nonempty set of non-negative integers, except {0}, can be the union of the score sets of some bipartite tournament.
For any nonempty vertex sets X and Y, X −→ Y means that every vertex of X dominates each vertex of Y.
Main Results
Now, we give our main results.
Theorem 7. Let s 1 , s 2 , · · · , s n be non-negative integers with s 2 s 3 · · · s n > 0.
Then, there exists a 3-partite tournament with score set S = s 1 ,
except for n = 1, s 1 = 0, and n = 2, s 1 = 0, s 2 = 1.
Proof. First let n = 1, and s 1 > 0. Consider a 3-partite tournament T(X 1 , X 2 , X 3 ) with |X 1 | = |X 2 | = |X 3 | = s 1 , and X 1 −→ X 2 ; X 2 −→ X 3 , and X 3 −→ X 1 . Then, the scores of the vertices of T(
If n = 2. First assume that s 1 = 0. Then, by the given condition s 2 > 1, so that 2(s 1 + s 2 − 1) > 0. Consider a 3-partite tournament T(X 1 , X 2 , X 3 ) with Therefore, score set of T(X 1 , X 2 , X 3 ) is S = {s 1 , s 1 + s 2 }. Now, assume that s 1 > 0. Consider a 3-partite tournamnet T(X 1 , X 2 , X 3 ) with |X 1 | = s 1 + s 2 , |X 2 | = |X 3 | = s 1 , and X 1 −→ X 2 ; X 2 −→ X 3 , and X 3 −→ X 1 . Then, the scores of the vertices of T(X 1
If n ≥ 3. First assume that s 1 = 0. Now, construct a 3-partite tournament T(X 1 , X 2 , X 3 ) as follows.
Let Therefore, score set of T(
Now, assume that s 1 > 0. If n = 3. Consider a 3-partite tournament T(X 1 , X 2 , X 3 ) with |X 1 | = s 1 + s 2 + s 3 , |X 2 | = s 1 , |X 3 | = s 1 + s 2 , and X 1 −→ X 2 ; X 2 −→ X 3 , and X 3 −→ X 1 . Then, the scores of the vertices of T(X 1 , X 2 , X 3 ) are s x1 = |X 2 | = s 1 , for all x 1 ∈ X 1 , s x2 = |X 3 | = s 1 + s 2 , for all x 2 ∈ X 2 , and s x3 = |X 1 | = s 1 + s 2 + s 3 , for all x 3 ∈ X 3 .
Therefore, score set of T(
Now, assume that n ≥ 4. Construct a 3-partite tournament T(X 1 , X 2 , X 3 ) as follows.
Let
for all i where 2 ≤ i ≤ n − 2, and |C i | = s i for all i where 2 ≤ i ≤ n − 2. Let
, and C i −→ A 1 , A 2 , · · · , A i−1 for all i where 2 ≤ i ≤ n − 2. Then, the scores of the vertices of T(X 1 , X 2 , X 3 ) are
Now, we note that {0} and {0,1} are not the score sets of any 3-partite tournament. For, if S = {0} or {0,1} is a score set of some 3-partite tournament T(X 1 , X 2 , X 3 ), then there is at least one vertex v 1 in one partite set, say X 1 , with s v1 = 0 and at least two vertices v 2 and v 3 in other two partite sets X 2 and X 3 respectively such that v 2 v 1 and v 3 v 1 are arcs in T(X 1 , X 2 , X 3 ). Since T(X 1 , X 2 , X 3 ) is a 3-partite tournament, therefore, there must be another arc of the form v 2 v 3 or v 3 v 2 which implies that s v2 ≥ 2 or s v3 ≥ 2, which is a contradiction. 2 Theorem 8. Let s 1 , s 2 , · · · , s n be non-negative integers with s 2 s 3 · · · s n > 0. Then for every n ≥ k ≥ 2, there exists a k-partite tournament with score set
Proof. Since n ≥ k, n = k + r for some r ≥ 0. First assume that s 1 = 0. Now, construct a k-partite tournament T(X 1 , X 2 , · · · , X k ) as follows.
, · · · , B k+r for all i where 2 ≤ i ≤ r. Then, the scores of the vertices of T(
and
. .
, for all i where k + 2 ≤ i ≤ k + r. Then, the scores of the vertices of T( s i . For example, let n = 2 , k = 6, and let S = {1,2} be the score set of some 6-partite tournament T(X 1 , X 2 , X 3 , X 4 , X 5 , X 6 ). Clearly, there are at least three arcs from a vertex v 1 in one partite set, say X 1 , to at least three vertices in other five partite sets X 2 , X 3 , X 4 , X 5 , X 6 . Then, s v1 ≥ 3. Hence, S = {1,2} cannot be the score set of T(X 1 , X 2 , X 3 , X 4 , X 5 , X 6 ). Thus, if n < k then, in general, every set of n nonnegative integers is not the score set of a k-partite tournament.
